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The structure of the two-neutron halo 22C is investigated by means of a renormalized zero-range three-body
model, with interactions in the s-wave channel, and a finite-range model with two- and three-body forces provided
by the hyperspherical adiabatic expansion method. In both models the halo wave function in configuration space
is obtained by using as inputs the two-body scattering lengths and the two-neutron separation energy. The
halo-matter density is computed for 22C with different three-body forces and low-energy parameters, with
two-neutron separation energy within the range 50 keV  S2n  1000 keV. The halo-neutron density depends
weakly on the neutron-20C scattering length as long as its absolute value is larger than the neutron-neutron one.
The halo-neutron density is then analyzed by means of the root-mean-square radius, the probability density, and
also the geometry, taking into account the angle between the two Jacobi coordinates. The results of finite-range
and zero-range two-neutron-core models are compared. The effects in the halo structure of short-range and
long-range three-body forces are studied, and the emergent universal behavior of the halo-neutron density and
its geometry is pointed out.
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I. INTRODUCTION
Since the pioneering work by Tanihata and coworkers [1],
who identified the large matter tail in 11Li, the neutron drip
line has been explored and expanded to other Borromean light
nuclei (see, e.g., Ref. [2]). The interpretation of the neutron-
halo formation was given in Ref. [3].
It is expected that at the neutron drip line or close to it,
light neutron-halo nuclei can be formed. This is the case of
the less-known neutron-rich carbon isotopes with the drip line
sitting today on N = 16. This corresponds to the 22C nucleus,
which shows the prominent property of having Borromean
character; namely, none of its internal two-body subsystems,
21C [4] or the neutron-neutron system, are bound. It is accepted
that this nucleus forms a weakly bound two-neutron halo in s
waves [5]. However, its two-neutron separation energy S2n,
which is an essential indicator of the presence of a halo,
has not been firmly established yet. The mass evaluation [4]
from 2003 has a large error and gives S2n = 0.4(8) MeV and
S1n = 0.3(6) MeV. A direct mass measurement lowered this
value to S2n = 0.140(460) MeV [6]. In Ref. [7], the unbound
21C nucleus was investigated through single-proton removal
in 22N at 68 MeV/u, and the 20C + neutron spectrum was
described with an s-wave line shape with negative scattering
length and |an−21C | < 2.8 fm, suggesting S2n < 70 keV (see
also Ref. [8]). The NuDat 2.6 database provides the value of
S2n as 110 ± 60 keV [9].
A decade ago a theoretical work within a three-body model
[10] predicted S2n to be in the interval from 390 to 570 keV.
The possibility of such a weakly bound halo in s wave allows
the neutrons to explore the classically forbidden region, where
the presence of the short-range interaction is not so relevant
for the three-body wave function. Furthermore, the properties
of the low-energy parameters open the possibility to use
concepts from the Efimov physics [11,12] already applied to
cold atoms (see Refs. [13,14]), namely universality and model
independence, which characterizes the large extension of the
halo structure [15].
Experimental information on the structure of 22C exists.
The root-mean-square (rms) matter radius of 5.4 ± 0.9 fm was
reported by Tanaka and collaborators [16], where the radius
was extracted from the reaction cross section of 22C on liquid
hydrogen at 40A MeV. They observed a large enhancement
of the cross section compared to the neighbor nuclei 19C and
20C. In addition, their analysis with a finite-range Glauber
calculation under an optical-limit approximation showed that
the two-valence neutrons occupy preferentially an s1/2 orbital.
The extracted rms matter radius was then used to constrain S2n
below 100 keV. This value was found in calculations with
a renormalized three-body model [17], with a shell-model
approach [18], within a cluster three-body model [19], with
effective field theory [20], and with closed core calculations
[21], which obtained S2n  0.3 MeV.
The core-recoil momentum distribution of 22C was mea-
sured in Ref. [22] by observing the breakup of the halo on a
carbon target at 240 MeV/nucleon. A much narrower peak than
in 20C was observed, and a theoretical analysis of the measured
cross sections and momentum distributions were performed by
combining the eikonal reaction model for the single-neutron
removal with psd shell-model calculations. Values for S2n
between 0.4 and 1.2 MeV were used with an unbound level of
21C at 0.3 MeV, and the halo neutrons in 22C occupying an s1/2
orbital. The comparison between the core-recoil distributions
for 22C and 11Li [23] suggests similar sizes of their two-neutron
halos (for further discussions, see Ref. [5]), and indirectly a
halo binding somewhat larger than 100 keV. For comparison,
we remind readers of the value of 369.15(65) keV [24] for
the 11Li two-neutron separation energy. Recently, the 20C
core-recoil distribution data were analyzed within a Serber
model [25] and a renormalized zero-range three-body model
for the halo [26]. It was found that 100 keV  S2n  400 keV
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reproduces the narrow peak in the momentum distribution,
suggesting a more compact two-neutron halo.
Inspired by the three-body model proposed in Ref. [27],
one relevant question is to check to what extent the Efimov
universal physics, believed to play a role in the description of
large halo systems, is actually supported by neutron-neutron-
core models with finite-range two- and three-body potentials
(with ranges compatible with the 20C core). The three-body
force is used to dial the two-neutron separation energy, and the
two-body one is determined by the 21C low-energy properties.
Our goal here is to investigate the structure of the two-
neutron halo nucleus 22C by means of a renormalized zero-
range three-body model, which embody the Efimov physics,
and a finite-range model with two- and three-body potentials.
For that purpose, the halo-neutron density is studied in both
models by means of the halo neutron root-mean-square radius,
the neutron density, and the halo geometry. The aim is to es-
tablish the validity or limitations of universal scaling relations
predicted by the zero-range model. These universal scaling
relations are a consequence of the dominance of long-range
Efimov potential over the properties of the halo [28–30], and
they are expressed as model-independent correlations between
low-energy observables [13,15], where the short-range physics
is parameterized by one three-body s-wave observable, like,
e.g., the two-neutron separation energy.
Our computational tool to solve the eigenvalue equation
for the neutron-neutron-core Hamiltonian with finite-range
potential models relies on the hyperspherical adiabatic expan-
sion method [31]. In the case of the renormalized zero-range
model, subtracted integral equations (see Ref. [15]) are solved
in momentum space and the configuration space halo wave
function is then obtained [13].
This work is organized as follows. In Sec. II we briefly
describe the hyperspherical adiabatic expansion method to
solve the Hamiltonian eigenvalue equation for finite-range
potentials. In Sec. III, the renormalized zero-range potential
model and halo wave function are described. In Sec. IV
the two- and three-body finite-range potentials and their
parametrizations are given. In addition, we compare the
correlation between S2n and the halo-neutron rms radius
for the finite-range and zero-range models. In Sec. V the
spatial structure of the halo is investigated by analyzing
scaling functions associated with the halo-neutron density and
geometry using again the finite-range and zero-range models.
We conclude our work in Sec. VI with the summary and the
conclusions.
II. FINITE-RANGE POTENTIAL MODEL
The finite-range potential model used is this work is the
hyperspherical adiabatic expansion method described in detail
in Ref. [31]. In this method the three-body wave function is
given in terms of the usual Jacobi coordinates {x, y}, from
which the so-called hyper-radius ρ (ρ2 =
√
x2 + y2) and
the five hyperangles  ([] ≡ [α,x,y]) are defined. The
hyperangle α is given by tan α = x/y, and x and y give the
directions of x and y. Note that whereas the five hyperangles
depend on the chosen Jacobi set, the hyper-radius does not.
In hyperspherical coordinates the three-body Hamiltonian
ˆH takes the form
ˆH = − 
2
2m
ˆTρ + 
2
2mρ2
ˆ2 +
∑
i<j
Vij (ρ,)
= − 
2
2m
ˆTρ + ˆH, (1)
where ˆTρ = ∂2∂ρ2 + 5ρ ∂∂ρ is the hyper-radial kinetic energy oper-
ator, ˆ2 is the grand-angular operator (whose eigenfunctions
are the hyperspherical harmonics), Vij gives the interaction
between particles i and j , and m is the normalization mass
used to define the Jacobi coordinates [31].
In the adiabatic expansion method the Schro¨dinger (or
Faddeev) equation ( ˆH− E) = 0 is solved in two steps. In
the first one the angular eigenvalue problem
ˆHn(ρ,) = 
2
2m
1
ρ2
λn(ρ)n(ρ,) (2)
is solved for a set of fixed values of ρ. The set of angular
eigenfunctions {n(ρ,)} form a complete basis, which is the
one used in order to expand the total three-body wave function,
i.e.,
JM (x, y) = 1
ρ5/2
∑
n
fn(ρ)JMn (ρ,). (3)
In a true calculation the angular eigenfunctions are ex-
panded as
JMn (ρ,) =
∑
q
C(n)q (ρ)
[YKL
x
y () ⊗ χSsxsy ]JM, (4)
where q collects all the quantum numbers (q ≡
{K,
x,
y,L,sx,S}), K = 2ν + 
y + 
y is the hypermomen-
tum, χSsxsy is the spin function, and YKLML
x
y () are the usual
hyperspherical harmonics.
The second step in the method corresponds to the calcula-
tion of the radial functions fn(ρ) in Eq. (3). They are given as
the solution of the coupled set of radial equations:{
− ∂
2
∂ρ2
+ 2m
2
[V (n)(ρ) + V3B (ρ)] − 2mE
2
}
fn(ρ)
−
∑
n′
{
2Pnn′ (ρ) ∂
∂ρ
+ Qnn′ (ρ)
}
fn′ (ρ) = 0, (5)
where E is the three-body energy, and the coupling functions
Pnn′ (ρ) and Qnn′ (ρ) can be found in Ref. [31].
The effective potentials V (n)(ρ) in Eq. (5) are the so-called
adiabatic potentials, which are given by
V (n)(ρ) = 
2
2m
λn(ρ) + 154
ρ2
, (6)
and where the λn(ρ) functions are the eigenvalues of the
angular equation (2).
Finally, it is well established that the use of bare two-body
interactions usually leads to a three-body system that is
marginally underbound or overbound compared to experi-
mental values. To fine-tune the crucial three-body energy it
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is common to introduce a three-body interaction, which in
Eq. (5) is denoted by V3B(ρ). This is a phenomenological way
of accounting for those polarizations of the particles that are
beyond those described by the two-body interactions.
III. ZERO-RANGE POTENTIAL MODEL
The Hamiltonian for the zero-range model of the neutron-
neutron-core (n-n-c) system is
ˆHzr = − 
2
2mrx
∇2rx −

2
2mry
∇2ry +
∑
i<j
λij δ(r i − rj ), (7)
where two possible sets of the relative coordinates are defined
in Figs. 4(a) and 4(b), and the associated reduced masses are
represented by mrx and mry . The wave function is an eigenstate
of the Hamiltonian ( ˆHzr + S2n)zr = 0, where S2n = −E is
the two-neutron separation energy. The neutrons are supposed
to be in a spin singlet state and the configuration space zero-
range model wave function is [32]
(rn,rn′ ) =
∫
dq
e−κnn|rn−rn′ |
|rn − rn′ | e
iq.rc,nn fnn(q)
+
{∫
dq
e−κnc |rn−rc|
|rn − rc| e
iq.rn′,ncfnc(q) + (n↔n′)
}
,
(8)
where rn, rn′ , and rc are the neutrons and core positions with
respect to the center of mass of the n-n-c system. The relative
coordinate of the core to the neutron-neutron center of mass
is rc,nn and the relative coordinate of n′ to the neutron-core
center of mass is rn′,nc. The κ’s in the two-body subsystems
wave functions are
κnn =
√
2
μnn
2
(
S2n + 
2q2
2μnn,c
)
,
κnc =
√
2
μnc
2
(
S2n + 
2q2
2μnc,n
)
(9)
with the reduced masses
μnn = m2 , μnn,c = m
2A
A + 2 , (10)
μnc = m A
A + 1 , μnc,n = m
A + 1
A + 2 ,
where A is the mass number of the core, which for 22C with
a 20C core is A = 20. The zero-range wave function is an
eigenstate of the Hamiltonian (7) and, with the exception of the
configurations where two of the constituents overlap, the halo
wave function is an eigenstate of the kinetic energy operator.
In order to build the s-wave three-body wave function for the
n-n-c system, one needs to solve a coupled integral equation
for the independent spectator functions fnn(q) and fnc(q). The
formalism based on the renormalized zero-range three-body
model leading to well-defined integral equations to compute
the spectator functions from the nn and nc scattering lengths
and the value of S2n is presented and discussed in detail, for
example, in Ref. [15].
IV. THREE-BODY PROPERTIES
In order to construct the 22C three-body wave function
within the hyperspherical adiabatic expansion method, we
use the Gaussian neutron-neutron interaction specified, for
instance, in Ref. [33]. This potential contains central, spin-
spin, spin-orbit, and tensor parts, and it has been adjusted to
reproduce the low-energy n-n scattering data. In particular,
it provides a neutron-neutron scattering length of ann =
−18.4 fm. For the neutron-core interaction we use central
and spin-orbit terms with a Woods-Saxon shape. Following
Ref. [27], we choose the radius and diffuseness of the Woods-
Saxon potentials equal to 1.25 and 0.65 fm, respectively.
For the s waves the strength Vc of the central potential is
adjusted such that the lowest s1/2 state in n-20C is unbound
or barely bound. This is then a shallow potential not holding
Pauli-forbidden states. In Table I we give the computed 21C
binding energy Enc, scattering length anc, and effective range
r0, for different values of Vc. As we can see, any strength more
attractive than −21.0 MeV makes the two-body neutron-20C
system bound. The value of Vc = −21.0 MeV corresponds to
basically infinite scattering length, or equivalently, a bound
two-body state at zero energy. The calculation has been done
taking the 20C mass equal to 19.83m where m is the neutron
mass. For 
 > 0 waves we use the potential given in Ref. [27],
where the strength of the central and spin-orbit potentials is
taken equal to −42.0 and −25.2 MeV, respectively.
As we can observe in Table I, the computed effective ranges
are consistent with the 20C root-mean-square (rms) matter
radius of 2.98(5) fm [34]. That sizable effective range can in
principle affect the universal correlations between observables
in 22C. This point will be explored in the next sections, when
the finite-range potentials will be used to compute the neutron
halo distribution and the conditions under which the universal
scaling laws are fulfilled will be investigated.
In Table II we show the results obtained for the two-neutron
separation energy S2n and the expectation value 〈ρ2〉 when the
two-body energy, Enc, in the two-body neutron-20C system is
put equal to zero (Vc = −21.0 MeV in the s-wave neutron-core
potential). Results including partial waves up to 
x = 
y = 8
(left part) and with only 
x = 
y = 0 waves (right part)
are shown. The angular momenta 
x and 
y refer to the
relative orbital angular momentum between the two particles
connected by the Jacobi coordinate x, and between the third
particle and the center of mass of the first two. In the calculation
a three-body force with a power (P ) dependence as given in
Ref. [27] has been used:
V P3B(ρ) =
V P3B
1 + (ρ/ρ0)3 . (11)
TABLE I. Two-body binding energies Enc, scattering lengths anc,
and effective ranges r0 for the s-wave n-20C system for different
values the potential strength Vc.
Vc (MeV) −21.0 − 25.0 − 30.0 − 32.0 − 33.5
Enc (MeV) −1.5 × 10−5 − 0.153 − 0.693 − 0.997 − 1.25
anc (fm) 1192 13.4 6.98 6.03 5.51
r0 (fm) 2.88 2.54 2.22 2.11 2.04
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TABLE II. Computed values of S2n (in MeV), 〈ρ2〉 (in fm2), and
rn (in fm), for different values of the three-body strengthV P3B , Eq. (11),
with ρ0 = 5 fm and for Vc = −21.0 MeV. The left part of the table
are the results including the components with 
x,
y  8, and the right
part shows the results including only the 
x = 
y = 0 components.
V P3B 
x,
y  8 V P3B 
x,
y = 0
S2n 〈ρ2〉 rn S2n 〈ρ2〉 rn
0.0 1.83 25.16 3.54 0.0 1.52 28.06 3.75
1.0 1.24 29.98 3.87 1.0 0.954 35.31 4.20
2.0 0.694 40.01 4.47 2.0 0.447 54.10 5.20
3.0 0.220 79.74 6.32 2.5 0.230 83.79 6.47
3.5 0.045 290.8 12.1 3.0 0.060 249.4 11.2
3.6 0.021 601.7 17.3 3.1 0.035 407.4 14.3
For the future discussion, alternative shapes for the three-
body potential will be also considered. In particular, we shall
consider the Gaussian (G) and exponential (E) potentials:
V G3B(ρ) = V G3B e−(ρ/ρ0)
2
and V E3B(ρ) = V E3B e−ρ/ρ0 . (12)
The results for different values of the strength V P3B and
ρ0 = 5 fm (as given in Ref. [27]) are also shown in the table.
As we can see, without any three-body force the 22C system
is found to be bound, with two neutron separation energies
1.83 or 1.52 MeV, depending on the partial waves included
in the calculation. Therefore, a repulsive three-body force is
necessary in order to get a very weakly bound 22C state.
The convergence of the results in Table II has been reached
at two different levels. First, in the expansion of the angular
eigenfunctions given in Eq. (4). This convergence is shown
in Fig. 1, where the two lowest λn(ρ) functions entering in
the effective potentials (6) are plotted for different values of
Kmax. As seen in the figure, a Kmax value of 1600 is enough
to get convergence up to a distance of at least 500 fm. This
FIG. 1. Two lowest angular eigenvalue functions, λn(ρ), for
different values of Kmax in the expansion in Eq. (4). The thick (red)
solid line corresponds to Kmax = 1600, which is the value used in the
calculations.
FIG. 2. Computed values of S2n (a) and 〈ρ2〉 (b) for the two
states in Table II with 
x = 
y = 0 and V P3b = 0 (black circles) and
V P3b = 3.1 MeV (red squares). In the last case the results for S2n have
been multiplied by 40 and the ones of 〈ρ2〉 have been divided by 15.
distance is far enough to hold even the very weakly bound
states given in Table II. In fact, for S2n values of a few hundred
keV and higher, the convergence of the adiabatic potentials up
to ρ = 100 fm is actually sufficient. In this work Kmax = 1600
has been used.
The second convergence concerns the adiabatic expansion
in Eq. (3). In Fig. 2 we show, as a function of the number of
terms n included in the expansion, the computed values of S2n
[Fig. 2(a)] and 〈ρ2〉 [Fig. 2(b)] for the two states in Table II
corresponding to 
x = 
y = 0 and V P3B = 0 (circles) and
V P3B = 3.1 MeV (squares). The last of these states corresponds
to a very weakly bound and very extended system. For this
reason, in order to have all the curves in the figure around the
same scale, the computed values of S2n and 〈ρ2〉 for this case
have been multiplied by 40 and divided by 15, respectively. In
this work a value of n = 10 has been used, which, as seen in
the figure, is enough to guarantee convergence of the results.
From [15] the quantity rn = 〈r2n〉1/2 is defined as
r2n =
22
2
(
R
22C
M
)2 − 20
2
(
R
20C
M
)2
, (13)
where R22CM and R
20C
M are the root-mean-square matter radii of
22C and 20C, respectively.
The connection between rn and 〈ρ2〉 can be easily obtained
by remembering that for the three-body system 22C (n + n +
20C) the matter radius is obtained as [35](
R
22C
M
)2 = 20
22
(
R
20C
M
)2 + 1
22
〈ρ2〉, (14)
which leads to r2n = 〈ρ2〉/2 . This result actually gives the
neutron rms radius relative to the center of mass of the system
for the case of an infinitely heavy core. For the present case of
A = 20 we will be content in comparing the rn results obtained
within this approximation. The computed values of rn with the
power three-body potential given in Eq. (11) are also given in
Table II.
In Fig. 3(a) we show the two-neutron separation energies
S2n given in Table II versus the value of rn. In the figure
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FIG. 3. Two-neutron separation energy S2n as a function of rn.
The circles and the squares are the calculations including the 
x,
y 
8 components and the 
x = 
y = 0 components, respectively. Panel
(a): the solid curves are the ones shown in Fig. 22 of Ref. [15].
The triangles and the stars are the calculations with only s waves
but replacing the three-body force in Eq. (11) by a Gaussian and an
exponential shape (12) (with ρ0 = 5 fm), respectively. Panel (b): the
same as in panel (a) but for ρ0 = 1 fm for the range of the three-body
force. The point with error bars expresses the estimated 22C neutron
halo radius obtained in Ref. [17].
the circles show the results obtained with the 
x,
y  8
components, and the squares have been obtained including the

x = 
y = 0 components only. As we can see, the effect of the
higher partial waves does not destroy the correlation between
S2n and rn, and the scaling function, S2n versus rn, seems
to show a quite small difference with respect to the s-wave
case. This fact suggests that the effect of the higher partial
waves can be associated with short-range physics accounted
by the change of S2n, while other low-energy observables are
correlated to this quantity.
A closer look into the scaling function can be taken by
defining rn as done in Ref. [36]:
rn =
√
2
m
S
− 12
2n Rn(±εnc, − εnn,A) (15)
where the rescaled energies are
εnc =
√
|Enc|
S2n
, εnn =
√
|Enn|
S2n
, (16)
the +/− signs refer to bound or virtual subsystems, and A
is the core mass number. The universal scaling function Rn
is computed with the zero-range model, and it is the limit
cycle of the correlation between the dimensionless quantities
rn S
1
2
2n
√
m/2 with the ratios εnc and εnn in the Efimov limit,
namely when Enc and Enn tend to zero.
The scaling function (15) defines implicitly a universal
correlation between S2n and rn when the subsystem scattering
lengths are fixed. This universal function is plotted in Fig. 3
for Enc = 0 (upper solid-black curve) and for the case where
21C has a virtual state at −100 keV (lower solid-black curve).
These two curves are actually shown in Fig. 22 of Ref. [15],
where the universal function is obtained from the solution of
the renormalized zero-range model described by Eq. (8) with
a neutron-neutron virtual state energy of −143 keV. As seen in
the figure, the calculations done here seem to agree better with
the lower solid curve than with the upper solid curve, which is
the one corresponding to virtual states in 21C at zero energy,
which is also the case in the calculations shown by the circles
and the squares. Therefore, a deviation from the universal
curve computed with a zero-energy state of 21C is observed,
and in this case it becomes closer to the zero-range model
results with Enc = −100 keV. This is because the repulsive
three-body potential requires a more compact configuration
for a given two-neutron separation energy, which is mimicked
by increasing the absolute value of the 21C virtual state energy
in the zero-range model (see, e.g., Ref. [36]).
Our results are, however, sensitive to the shape of the three-
body force. If the V3B potential given in Eq. (11) is replaced
by the Gaussian potential with ρ0 = 5 fm in Eq. (12), our
calculation gives rise to the curve shown in Fig. 3 by the
triangles. This curve is clearly closer to the upper solid curve,
namely the zero-range results with Enc = 0. However, if we
take an exponential three-body force also with ρ0 = 5 fm,
the result is shown by the stars in the figure, which is again
closer to the zero-range calculation with the virtual state energy
Enc = −100 keV.
This dependence on the shape of the three-body force, even
for very small values of S2n, suggests that not only the inner
part of the adiabatic potentials in Eq. (6) is modified by V3B ,
but also the tail of the potential changes. This is especially
true for the power and exponential shapes of V3B , which die
clearly more slowly than the Gaussian shape. Also, the value
of the 20C rms matter radius, 2.98(5) fm [34], suggests that
the values of ρ0 in the three-body force should be below 5 fm,
since ρ0 can be understood as the value of the hyper-radius
obtained when the three particles are touching each other.
In Fig. 3(b) we show the same as in Fig. 3(a) but for ρ0 =
1 fm. As we can see, when reducing the range all the curves
tend to converge to the zero-range model results for Enc = 0.
The fastest convergence appears when using a Gaussian three-
body force, which we have observed that already for a range
of 3 fm agrees rather well with the zero-range results from
Ref. [15]. This is consistent with the fact that the Gaussian
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three-body force dies faster than the others. Therefore, the tail
of the adiabatic potentials given in Eq. (6), which for Enc = 0
and s waves matches the universal Efimov potential, is left
unchanged. We shall discuss this point more in detail in the
next section.
V. SPATIAL STRUCTURE
A. Halo-neutron density
Let us introduce now the one-body density for the neutron
as
η(ry) = r2y
∫
dyd
3rx |(x, y)|2 , (17)
which is normalized to 1.
Since, as shown in Fig. 4, we have two possible sets of
Jacobi coordinates, two different densities are therefore also
possible. In order to compare with the zero-range model we
choose the set of Jacobi coordinates given in Fig. 4(a), where
ry is the relative distance of the neutron to the center of mass
of the 21C subsystem. In addition, to proceed with such a
comparison, we introduce the density
ηn(rn) = η
(
rn
A + 2
A + 1
)
, (18)
where rn is the position of the neutron with respect to the
center of mass of 22C.
In the limit of the zero-range potential the halo-neutron
density can also be associated to a scaling function:
ηn(rn) =
√
m
2
S
1
2
2nNn(r¯n,±εnc,−εnn,A), (19)
where
r¯n = m
2
S
1
2
2n rn. (20)
The scaling function Nn is the limit cycle of the correlation
between the dimensionless quantities ηn(rn) S−
1
2
2n
√
2/m with
the ratios εnc and εnn in the Efimov limit, namely when Enc
and Enn tend to zero.
We now compare the results obtained for ηn(rn) with the
finite-range potentials and with the renormalized zero-range
model, which allows us to build the scaling function (19). In
this way it is possible to check the emergence of the scaling
behavior of the density, as well as the limitations to model
independence.
FIG. 4. Definition of the polar angles θ ′x used for the two possible
sets of Jacobi coordinates [panels (a) and (b)] in 22C.
FIG. 5. Halo-neutron density ηn(rn) in 22C with the power-
dependent three-body potential (11) in panel (a) and the Gaussian
three-body potential (12) in panel (b), compared to the zero-range
model (represented by the black line with circles in both frames). Two
values of S2n are used for the calculations: 250 keV (dashed curves)
and 1000 keV (solid curves). The energy of 21C is fixed to Enc = 0.
Two different ranges have been considered for the three-body force:
ρ0 = 1 fm (blue curves) and ρ0 = 5 fm (red curves).
In a recent analysis of the 22C core-recoil momentum
distribution data [22], which were extracted from the breakup
cross section in a carbon target at 240 MeV per nucleon, the
two-neutron separation energy S2n was estimated to lie within
the range 100 keV  S2n  400 keV [26]. Therefore, for our
considerations we shall use the values of S2n = 250 keV, in
the middle of the above interval, and, in order to be well
above the upper limit of the estimated range, we also choose
S2n = 1000 keV. Furthermore, we use for the 21C energy the
value Enc = 0, representing large scattering lengths, which
is not inconsistent with the analysis from Ref. [26]. In that
work a small dependence on Enc in the core-recoil momentum
distribution for a given S2n was observed.
The results for the halo-neutron density are shown in Fig. 5.
They have been obtained with the three-body force with a
power dependence (11) [Fig. 5(a)] and with the Gaussian shape
(12) [Fig. 5(b)]. We compare the finite-range potential neutron
density to the one obtained from the zero-range model wave
function (8).
064002-6
EMERGENT UNIVERSALITY IN THE TWO-NEUTRON HALO . . . PHYSICAL REVIEW C 94, 064002 (2016)
FIG. 6. Black curves: The lowest effective adiabatic potential
V (ρ) [as given in Eq. (6)] for 22C when Enc = 0 and 
x = 
y = 0.
Solid curves: The lowest effective potential plus the three-body force
producing a 22C state with S2n = 1000 keV. Dashed curves: The
lowest effective potential plus the three-body force producing a 22C
state with S2n = 250 keV. Two different ranges have been considered
for the three-body force, ρ0 = 1 fm (blue curves), and ρ0 = 5 fm (red
curves). In panel (a) the three-body force corresponds to the power
dependence in Eq. (11), and in panel (b) the three-body force has the
Gaussian shape given in Eq. (12).
Let us first consider the case with S2n = 1000 keV. The
corresponding results are given in Fig. 5 by the solid curves.
The results from the finite-range calculations are shown by the
red and blue curves, which correspond to a range in the three-
body potential of ρ0 = 5 fm and ρ0 = 1 fm, respectively. The
result from the zero-range model is given by the black-circle
solid curve.
As we can see in Figs. 5(a) (three-body force with a power
dependence) and 5(b) (three-body force with a Gaussian shape
dependence), the finite-range results with the two chosen
values of ρ0 agree rather well with each other and with the
zero-range model curve. In order to understand why this is
happening, we should look at Fig. 6, where in both Figs. 6(a)
and 6(b), the solid-black curve shows the lowest adiabatic
potential as given in Eq. (6), corresponding to the 22C nucleus
with Enc = 0 and 
x = 
y = 0. This means that this potential
matches the universal Efimov potential, which is in fact found
for distances of about 4 fm and beyond. One should be aware
that the zero-range model contains only the Efimov long-range
potential damped at distances corresponding to the absolute
value of the smallest scattering length, which is ann = −17 fm.
When the corresponding three-body force, power shape in
Fig. 6(a) and Gaussian shape in Fig. 6(b), giving rise to S2n =
1000 keV with ρ0 = 1 fm and ρ0 = 5 fm, is added, we then get
the solid-blue and solid-red curves, respectively. As seen in the
figure these two potentials agree reasonably well with the black
effective potential which, as explained above, corresponds to
the universal Efimov potential. This is particularly true for
the case of ρ0 = 1 fm, whereas for ρ0 = 5 fm the three-body
force modifies the adiabatic potential up to larger distances.
According to this, one would then expect a better agreement
with the zero-range halo-neutron density in Fig. 5 in the case
of ρ0 = 1 fm (solid-blue curves), which in fact is observed in
the figure. This result shows that the two-neutron halo is suffi-
ciently weakly bound such that the effects of the details of the
potentials at short distances fully disappear when ρ0 = 1 fm.
The same kind of analysis can be made when S2n =
250 keV. In this case the corresponding curves in Figs. 5
and 6 are given by the dashed curves. When the three-body
potential is given by the power three-body force the effective
adiabatic potentials [dashed curves in Fig. 6(a)] change quite a
lot from ρ0 = 1 fm (blue-dashed) to ρ0 = 5 fm (red-dashed).
Furthermore, even if ρ0 = 1 fm, the three-body force modifies
the tail of the pure adiabatic potential (black curve). As a
result of this, the corresponding halo-neutron densities [dashed
curves in Fig. 5(a)] are pretty different from each other,
and even at large distances, also different from the zero-
range calculation (especially when ρ0 = 5 fm), although both
asymptotic tails are parallel to each other due to the same value
of S2n in both calculations. When the Gaussian three-body
force is chosen, the corresponding effective potentials are again
different from each other [dashed curves in Fig. 6(b)], but when
ρ0 = 1 fm (dashed-blue), the effective potential fully overlaps
with the black curve for ρ > 3 fm. The consequence is that
the halo-neutron density for ρ0 = 5 fm [red-dashed curve in
Fig. 5(b)] and ρ0 = 1 fm (blue-dashed) are again different
from each other, but the latter agrees now very well with the
zero-range calculation shown by the black-dashed curve.
Summarizing, we have found that the only case that is
not well reproduced by the zero-range model corresponds
to S2n = 250 keV and ρ0 = 5 fm. This is because the
corresponding hyperspherical potential (red-dashed curve in
Fig. 6) clearly deviates from the one obtained including only
the short-range two-body forces (black curves) for ρ values
below 8 fm. The halo-neutron densities obtained for the other
three cases are consistent with the zero-range model, and in
this sense the density exhibits a universal behavior. This is,
of course, related to the dominance of the Efimov tail of the
hyperspherical potential observed in of Fig. 6, well represented
by the hyperspherical potential obtained with the short-range
neutron-core force model.
B. Halo geometry
We now investigate the geometry of the neutron-halo
distribution by studying the dependence on the relative angle
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between the two Jacobi coordinates as depicted in Figs. 4(a)
and 4(b). In order to make the visualization of the density
easier, instead of using the angle θ ′x we better introduce the
coordinates r⊥x = rx sin θ ′x , which is the projection of rx on a
direction perpendicular to ry , and r ||x = rx cos θ ′x , which is the
projection of rx along ry . In this new set of coordinates, the
volume element d3rx can be written as
d3rx = r⊥x dr⊥x dr ||x dϕ′x, (21)
and we can then define the density as
F (r⊥x ,r ||x ) =
∫
r⊥x dϕ
′
xd
3ry |(x, y|2, (22)
which is normalized to 1 after integration over r⊥x and r
||
x .
This density can be, of course, obtained for any of the Jacobi
coordinates described in Fig. 4, and gives a very intuitive
feeling of the spatial distribution of the system.
More specifically, we have considered the 22C wave
function including partial waves with 
x,
y  8, and with a
Gaussian three-body force with a range of 3 fm, close to the
matter radius of the 20C core. With this choice, the results for
S2n vs rn follow very closely the zero-range curve for Enc = 0
(see Fig. 3).
Our previous analysis of the halo-neutron density suggests
that F (r⊥x ,r ||x ) should present a universal behavior close to the
zero-range model results; namely it should be expressed by
a scaling function (see Ref. [15]) in the limit of zero-range
interaction as
F (r⊥x ,r ||x ) =
m
2
S2n F(r¯⊥x , r¯ ||x ,±εnc,−εnn,A) (23)
where the rescaled coordinates are
r¯⊥x =
m
2
S
1
2
2n r
⊥
x , r¯
||
x =
m
2
S
1
2
2n r
||
x , (24)
the rescaled energies were defined in Eq. (16), and the ±
sign means bound/virtual subsystem. For the extreme case of
εnc = εnn = 0 the scaling function reduces to
F (r⊥x ,r ||x ) =
m2
4
S−12n F(r¯⊥x , r¯ ||x ,0,0,A). (25)
The scaling function F(r¯⊥x , r¯ ||x ,0,0,A) is invariant under the
scale transformation S2n → λ−2S2n, r⊥x → λr⊥x , and r ||x →
λr
||
x , which means that the geometrical distribution should be
preserved under this transformation, or when S2n is changed.
Such behavior should be found in a region of r ′s smaller than
|ann| (17 fm), when |anc| > |ann|. This property is verified
qualitatively by our calculations with the finite-range two- and
three-body potentials for r ′s smaller than 17 fm, as we are
going to exemplify. Under this limitation, the geometry of
the halo is universal and essentially determined by the ratio
between the neutron and the core masses.
First we considered the Jacobi set shown in Fig. 4(a).
The corresponding contour plots of the density F defined in
Eq. (22) are shown in Fig. 7 for four different two-neutron
separation energies, 1000, 500, 250, and 50 keV. They are
shown in Figs. 7(a), 7(b), 7(c), and 7(d), respectively. In all
the cases the maximum of F appears at an angle of about
θ ′x = 50 deg, although obviously the system becomes more
FIG. 7. Contour plot of the density F (r⊥x ,r ||x ) defined in Eq. (22)
for the polar angle θ ′x defined as in Fig. 4(a). Panels (a), (b), (c), and
(d) correspond to a 22C two-neutron separation energy of 1000, 500,
250, and 50 keV, respectively.
spatially extended when the separation energy decreases. This
universal behavior of the geometry shows in practice the
dominance of the scaling property on the density distribution
as expressed by the approximate validity of the scaling relation
given in Eq. (25).
Note that the spatial structure shown in Fig. 7 is not
symmetric with respect to the r ||x = 0 axis. This is what it
should be for a triangular distribution as the one shown in
Fig. 4(a), which is completely different from a structure with
a polar angle of π − θ ′x . However, for the Jacobi set shown
in Fig. 4(b) the distribution, whose main features are similar
to the ones shown in Fig. 7, is symmetric with respect to
the r⊥x axis. This arises from the fact that two neutrons are
indistinguishable particles and the structures with polar angles
θ ′x and π − θ ′x cannot be distinguished from each other.
VI. CONCLUSION
The two-neutron halo structure of 22C is investigated by
means of a three-body (neutron-neutron-core) model with
finite-range potentials, and with the renormalized zero-range
model. The finite-range potential model calculations were
performed in coordinate space by means of the hyperspherical
adiabatic expansion method [31], and the zero-range model
was treated by the subtraction method in momentum space
[15]. In this second case the configuration space wave function
was also computed.
The finite-range models and the zero-range one have the
low-energy parameters, namely two-body scattering lengths
and the two-neutron separation energy, fixed. In addition,
besides the Wood-Saxon neutron-20C potential from Ref. [27],
we have considered a repulsive three-body force in order
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to be able to study the possibility of a very weakly bound
two-neutron halo to the core.
As suggested by a recent analysis of the 22C core-recoil
momentum distribution data [22], we focus our study within
the two-neutron separation energy range 100 keV  S2n 
400 keV [26]. We have then investigated the halo structure
for binding energies between 50 and 1000 keV.
Three scaling functions associated with the neutron halo
structure of 22C were addressed: (i) the correlation between
S2n and rn (the rms radius of the neutron with respect to the
center of mass), (ii) the halo-neutron density, and (iii) the
halo geometry considering the angle between the two Jacobi
coordinates. We have verified that the halo-neutron probability
density depends weakly on the neutron-20C scattering length
as long as its absolute value is larger than the neutron-neutron
one.
The results of the finite-range and zero-range models have
been compared to check the emergence of the universal
scaling relations, taking advantage of different three-body
forces and range values. For two-body potential domination,
which happens for S2n = 1000 keV with different three-body
potentials, the neutron density approaches the scaling function
from the zero-range model. In this case the effective range is
2.88 fm, which seems not large enough to make the finite range
potential results depart from the zero-range model ones.
The decrease of the two-neutron separation energy in our
model is done by enhancing the repulsive three-body force.
Even when S2n = 250 keV, for a range of the three-body force
of 5 fm the departure from the universal zero-range function
starts to be noticeable. This deviation is understood from the
difference between the lowest hyper-radial potentials with and
without three-body force, since the latter fulfills the Efimov
conditions. Differently, for a range in the three-body force
equal to 1 fm, all the three-body potentials produce model-
independent halo densities close to the zero-range model.
The geometry of the halo has been investigated by exploring
the angular dependence of the neutron density with a Gaussian
three-body force with a range of 3 fm (close to the 20C observed
matter radius), and with S2n between 50 and 1000 keV. In
the unitary limit, namely for infinite scattering length, the
scaling function expressing such density says that the spatial
distribution of the neutron should scale with 1/
√
S2n, whereas
its shape and angular structure should be preserved. This
scaling property has been observed.
The emergence of the universal behavior in the halo-neutron
density distribution and geometry, within the present model
consistent with scaling laws found in the zero-range interaction
limit and dominated by the universal Efimov physics, is a
robust outcome in the case of the two-neutron halo in 22C for
force ranges up to about the size of of the core.
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